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Abstract 
 

A matrix method for simulation of material tem-
peratures for given gas-temperature characteristics for use 
in performance programs is introduced. First of all, the 
matrix coefficients need to be determined from a reduced 
model derived from a previously performed detailed calcu-
lation or from measurements collected during engine tests . 
A procedure for identification of the matrix coefficients is 
presented. The matrix obtained can then be used to predict 
the system’s behavior for other characteristics of gas tem-
perature. 

 
Changes in heat-transfer coefficients and / or mate-

rial properties in the examined time envelope would nor-
mally result in changing matrix coefficients. The paper 
shows, that by restructuring the equations a form can be 
found, where the matrix remains constant as heat-transfer 
coefficients and material properties change. The method is 
applied to an HP-compressor rotor. The good agreement of 
reference solution and prediction given by the matrix 
method demonstrates the validity of the method. 
 
Nomenclature 
 
Symbols  
T [K]  temperature 
a [1/s]  matrix coefficient 
b [1/s]  matrix coefficient 
cp [J/(kg K)] heat capacity 
k [1/s]  constant 
k* -  constant 
m [kg]  mass 
∆r [m]   difference between two radii 
A [m2]  area 
Bi -  Biot number 
F -  node in fluid 
HP -  high pressure 
N -  node in structure 
 
Greek 
α [W/(m2 K)] heat-transfer coefficient 
λ [W/(m K)] heat-conduction coefficient 
 

Subscripts 
f  number of nodes in fluid 
matrix  solution from matrix model 
n  number of nodes in structure 
ref.  reference solution 
ref. (m and l) characteristic property of the system 
CA  cooling-gas flow 
G  gas flow 
HG  main-gas flow 
S  structure 
 
Superscripts 
- average 
 

1. Introduction 
 
When the operating point of an aero engine is 

changed, this results first of all in a change of gas tempera-
tures. Due to heat transfer between gas and structure the 
material temperatures are affected, too. Although the heat 
transfer is only a second-order effect in performance calcu-
lations there are some important consequences: 

 
• Changing material temperatures cause thermal 
growth or contraction. As the material temperature of 
the disc, blade and casing do not change simultane-
ously, clearances in the machine will change. This has 
an impact on comp onent efficiencies, compressor 
surge margin and, depending on the control system, 
also on temperature margin or net thrust of the engine. 
These thermal effects are of special importance for 
take-off, when after a fast acceleration from idle to 
take-off there is a high thrust demand. The take-off 
thrust is also influenced directly by the heat that is 
needed for heating up the structure and thus is not 
available for generating thrust. 
 
• When the temperature change within the structure 
is non-uniform, inner stresses result. In discs e.g. the 
temperature increase after an acceleration from idle to 
take-off is generally faster at the outer radius than at 
the hub, because the heat transfer between main-gas 
flow and blade / inner shroud is more intensive than 
between cooling-gas flow and disc. Therefore, high 
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stresses within the disc result, when after acceleration 
high centrifugal stress caused by high speed adds up 
with thermal stresses associated with the temperature 
difference between rim and hub. This needs to be 
taken into account when the disc geometry is de-
signed. As a secondary effect, these stresses cause ad-
ditional clearance changes. 

 
From all these effects the necessity arises to de-

scribe and predict the heat transfer within transient per-
formance calculations. One possibility to do that is the 
application of a state-space approach to describe the ther-
mal effects by matrices as depicted e.g. in [1] and [4]. But 
when using this strictly mathematical approach some prob-
lems arise concerning the universal validity of the matrices 
and the handling of changing material properties and heat 
transfer coefficients. This paper describes how these prob-
lems can be solved through adaptation of the basic equa-
tions to the physical problem. The data needed to build the 
state-space model is either generated by detailed thermal 
finite-element calculations or consists of test results. In the 
first case, only a few temperature nodes of the finite-
element calculation are later used to create a reduced model 
for the description of the thermal effects in a performance 
program. The goal of the model reduction is to generate a 
reduced model that still sufficiently represents the behavior 
of the original model but which is of lower order and only 
uses task-specific quantities [5]. The parameters of this 
reduced model are generated by means of identification. In 
the second case, data provided by test results is used to 
identify the parameters of the model. The focus of this 
paper is  on heat transfer and the resulting change of mate-
rial temperatures. A detailed discussion of the simulation of 
thermal growth and stresses  using the results generated in 
this paper is given in [3]. 

 
2. Basic ideas of the method 

 
The method assumes, that in a system described by 

n structure temperatures and f gas temperatures the change 
of a structure temperature over time is a linear function of 
all these temperatures: 
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If all coefficients of the matrices and all gas and 
structure temperatures are given, this equation allows calcu-
lation of the present gradients of the structure temperatures. 
By integration, the structure temperatures can be calculated 
as functions of time for prescribed gas temperatures. This is  
how the method is intended to be used: The coefficients  of 
the matrices are known, gas-temperature characteristics are 
given (e.g. as results from the actual performance calcula -
tion) and structure element temperatures are to be deter-
mined. 

 
At first the coefficients of the matrices are not 

known. If characteristics of gas temperatures and corre-
sponding structure temperatures are known – e.g. from a 
measurement or a calculation done by the specialist de-
partment - the task is  to optimize the matrix coefficients, in 
order to approximate the given characteristics of the struc-
ture temperatures as good as possible.  These coefficients 
can then be used to predict the system’s behavior for other 
characteristics of gas temperature. The next paragraph 
demonstrates, that some extra efforts are necessary to en-
sure realistic predictions with this method. 

 
3. Application of the method to a simple test case 

 
The test case used in this paragraph is an axially 

symmetric structure with the typical shape of a disc, see 
Fig. 1. Heat transfer only occurs at the cylindrical surfaces 
at the outer rim and at the hub. At the outer radius there is 
contact with the main-gas flow (temperature THG), at the 
inner radius there is contact with the cooling-gas flow (tem-
perature TCA). 

 
The material properties of the structure as well as 

the heat-transfer coefficients were assumed to be constant 
for this example. In paragraph 3.4 the effects of varying 
properties on the matrix coefficients will be discussed. 

 
In order to create a reference solution, the whole 

structure was split up into twenty elements as shown in Fig. 
1. Applying the fundamen-
tal equations for heat 
transfer and heat conduc-
tion, the temperature for 
each of these elements was 
calculated as a function of 
time. 

 
The example ex-

amines the structure tem-
peratures within a period 
of 1000 seconds. The 
following characteristics 
of  THG and TCA are pre-
scribed (see Fig. 2). 

Fig.1: Test case geometry. 
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Fig.2: Test case gas -temperature characteristics 

 

3.1 Determination of the matrix coefficients for best 
curve fit 

 
Taking the model of the previous paragraph as a 

basis a reduced model was created so as to simulate the use 
of the method for finite-element calculations. This  reduced 
model can also be seen as the model used with data from 
test results. For the matrix method only the temperatures of 
the elements 3, 11 and 18 from the previous calculation are 
taken into account. An attempt has been made to represent 
the temperature gradient of these elements as a function of 
the three element temperatures and the two gas tempera-
tures: 
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The matrix coefficients are determined row by row 
with a standard regression technique (e.g. shown by Ljung 
[2]). From the reference characteristic T3(t) the gradient 

.,3 refT& (t) can be derived for discrete points in time between 

0s and 1000s. Between this “true” gradient at a certain point 
in time and the gradient calculated by the matrix approach 
given above a difference remains which can be expressed as  

18131112311.,33 TaTaTaTT ref ⋅−⋅−⋅−=∆ &&  

CAHG TbTb ⋅−⋅− 1211 .    (3) 

The magnitude of this difference is dependent on 
the choice of the coefficients. These differences are squared 

and added up for all the points in time taken into account. 
This sum of residual squares is to be minimized by appro-
priate choice of the coefficients. So the partial derivatives 
of this sum with respect to each of the coefficients need to 
be zero. This yields a set of five linear equations for the five 
coefficients which can be solved. In the same manner, the 
coefficients in rows two and three of the matrices are de-
termined by the method of least residual squares. 

 
3.2 Check of the universal validity of the matrix 
 

To check the universal validity of the matrices, the 
coefficients a11 to a33 and b11 to b32 have been calculated 
only for the time interval [0s, 500s] according to the 
method described in chapter 3.1. The resulting matrices 
have been used to calculate the material temperatures for 
the same maneuver in the whole time interval [0s, 1000s]. 
Fig. 3 compares temperatures T3, T11 and T18 of the refer-
ence solution with the one calculated from the matrix 
method. The continuous lines represent the reference solu-
tion obtained from the twenty-element system. The symbols 
represent the solution calculated by the matrix method. The 
conclusions from this comparison are: 

 
• There is a good agreement in the range up to 500 s, 
which has been used for the identification of the ma-
trix elements. 
• There are significant deviations in the time interval 
[500s, 1000s]. Obviously, the matrix identified on a 
case with rising gas temperatures cannot be applied to 
a case with decreasing gas temperatures. 
• As will be discussed in detail in paragraph 3.4, ma-
trices with constant coefficients are not appropriate for 
exact prediction of structure temperatures whenever 
material properties (i.e. heat-conduction coefficient or 
heat capacity) vary over the period observed. The 
same is true, if heat-transfer coefficients change. But 
in the present case all of these properties have been 
constant and still the results in the second time interval 
are not satisfactory. 
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Fig.3: Comparison of reference and simulated material temperatures (simple method) 

 

3.3 Improving the universal validity of the matrix 
 
According to equation (2) the temperature gradient 

3T&  is a function of all three structure temperatures and both 

gas temperatures. This is not in accordance with the equa-
tions used in a system of  replacement structures. In the 
twenty-element system used to create the reference solution 
(see Fig. 1) the temperature change of element one, for 
example , can only be influenced by two heat flows: heat 
transfer with cooling air and heat conduction with its 
neighbor element two. The heat transfer is proportional to 
the temperature difference TCA-T1 and the heat conduction 
to the temperature difference T2-T1. So all other element 
temperatures from T3 to T20 as well as the hot gas tempera-

ture will have no direct influence on 1T& . 
 
An equivalent approach for the reduced model, 

where only the temperatures T3, T11 and T18 are taken into 
account is: 

 

)()( 3231113 TTkTTkT CA −⋅+−⋅=&  

)()( 11184113311 TTkTTkT −⋅+−⋅=&        (4) 

)()( 1861811518 TTkTTkT HG −⋅+−⋅=&  

 
This system of equations replaces the former ap-

proach given by equation (2). The number of coefficients to 
be determined by the regression analysis is reduced from 15 
in equation (2) to 6 in equation (4). Equation (4) includes 
some physics that are missing in equation (2): On the one 
hand, heat flows and temperature change of elements are 
dependent on driving temperature differences, not on single 

temperatures. On the other hand, heat exchange is not al-
lowed between arbitrary elements and gas flows but only 
where contact occurs. 

 
Rewriting eq. (4) with the matrix approach used in 

eq. (2) gives a better understanding of the advantages intro-
duced. 
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Compared with eq. (2), it is obvious that now the 
matrix elements of each row are coupled or explicitly set to 
zero, as stated above. 

 
Another regression analysis is performed to deter-

mine the coefficients k1 to k6 in equation (4) that give opti-
mum approximation of the material temperatures in the 
time interval [0s, 500s]. Again, these coefficients that have 
only been calibrated on a period with rising gas tempera-
tures, are then used to predict the temperature of the three 
elements in the complete time window up to 1000s. The 
results are given in Fig. 4. 
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Fig. 4: Comparison of reference and s imulated material temperatures (improved method) 

 
As shown in Fig. 4 there are still deviations in the 

part that has not been used for identification of the matrix 
coefficients, but they are much smaller than in the previous 
case. If the whole time interval from 0s to 1000s is used for 
calculating the coefficients, there is a good agreement in the 
complete period. The coefficients are then suitable both for 
rising and decreasing gas temperatures and thus, the system 
behavior for arbitrary characteristics of the gas tempera-
tures can be described with good accuracy. 

 
3.4 Rewriting the equations to account for varying ma-
terial properties and heat-transfer coe fficients 

 
The coefficients k1 to k6 in equation (4) are de-

pendent on heat-conduction coefficient ? and heat capacity 
cp of the structure, on the two heat-transfer coefficients aCA 
and aHG and on the geometry. If the behavior of an engine 
component in different operating states is to be described, 

the geometry is fixed. In this 
case, the dependence of the 
matrix on the other four pa-
rameters remains. The mate-
rial properties ? and cp are 
functions of the material tem-
perature and can vary by 30% 
between different operating 
points. The heat-transfer coef-
ficients are dependent on the 
state of flow in the two gas 
streams and can vary even 
more than the material proper-
ties. As a consequence, the 
coefficients k1 to k6 in our 
example would need to be 
calculated and stored for dif-

ferent combinations of the four varying parameters in order 
to ensure good prediction of material temperatures for arbi-
trary transient operations. Assuming 5 values for each of 
the parameters need to be investigated to describe the full 
engine operating range in a sufficiently accurate manner, 
this means that all coefficients need to be calculated and 
stored 54 = 625 times. In this paragraph it is shown, how by 
rewriting the equations the dependency of the coefficients 
on material properties and heat-transfer coefficients can be 
eliminated. 

 
As a starting point, the equation is given that de-

scribes the gradient of T3, if the structure in our exa mple is 
substituted by only three elements with the temperatures T3, 
T11 and T18, see Fig. 5. 
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This is equivalent to the first line of equation (4). 

Instead of the constants k1 and k2 in equation (4) we find in 
equation (5) all the physical terms influencing the value of 
the constants k1 and k2. The statement made at the begin-
ning of the paragraph, that the constants k1 to k6 in equation 
(4) are dependent on geometry, material properties and 
heat-transfer coefficients, is confirmed by equation (5). 
 

Equation (5) is now transformed to 
 

Fig.5: 3 Element system 
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The values with index “ref” are characteristic 

properties of the system. mref might e.g. be the mass of the 

complete structure, lref the tip radius. λ  and pc  are mate-

rial properties calculated for the mean temperature of the 
whole structure. By this transformation, the coefficients on 
the right hand side of the equation have become dimen-
sionless. Besides, the first coefficient can be assumed to be 
constant: Some of the ratios just contain geometric data. 
For constant geometry they will not change. The term 

λλ /  is the ratio of local / average heat-conduction coeffi-
cient that depends on the ratio of local / average tempera-
ture. Obviously, this ratio is not necessarily constant, but 
the general trend will be, that if the local temperature rises 
the average temperature rises too, so that the assumption 

that λλ /  is constant might be suitable for practical pur-

poses. The same is true for the ratio pp cc / . Normally both 

properties ? and cp increase with rising temperature. There-

fore, potential changes in the ratio λλ /  will at least par-

tially be compensated by changes in the ratio pp cc / . 

 
The second coefficient includes the term 

aCA?ACA/(? ?lref) which is a Biot number. The Biot number is 
a dimensionless number characterizing the ratio between 
heat transfer and heat conduction. The term in the equation 
above will be written as BiCA in the following. In the equa-
tion for the change of T18 an equivalent term occurs for the 
hot-gas flow Biot number which will be written as BiHG. 

 
Using these definitions the new set of equations, 

replacing equation (4) can be written as: 
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In this form only two terms occur on the right hand side of 
the equations, that will vary during transient operation of 
the engine. These are the two Biot numbers. The coeffi-
cients k1* to k6* are constant. If the regression analysis is 
performed accordingly, only one set of coefficients k1* to 

k6* will be necessary for describing the transient system 
behavior. This will be demo nstrated in the next paragraph. 

 
4. Application of the method to a HP -compressor rotor 
 

The method now is applied to the rotor of an HP-
compressor. The thermal behaviour of this rotor has been 
predicted with the tools used in the engine design process at 
MTU. In Fig. 6 the rotor geometry and the location of the 
nodes are shown. Nodal points within the fluid are marked 
by the letter “F”, nodal points within the structure by “N”. 
The temperature characteristics for all these nodes have 
been supplied by the specialist department for an accelera -
tion of the engine from idle to take-off conditions followed 
by a deceleration to idle conditions at sea level. The calcu-
lation performed in the specialist department covers about 
300 nodes  in a finite-element calculation: A distribution of 
the fluid temperature within the hot-gas flow path is mo d-
eled, a temperature distribution within the space between 
adjacent discs is calculated, heat-conduction effects be-
tween adjacent rotors via the drum are taken into account. 
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Fig. 6: HP-rotor geometry with node positions and re-
placement structure 
 

On the right hand side of Fig. 6 the substitute sys-
tem which is the basis for determination of the matrix is 
shown. The structure is represented by six radially-arranged 
elements. Element 481 only has heat conduction with ele-
ment 490, element 1315 only with element 296. All other 
structure elements experience heat conduction with two 
neighbor elements. There is heat transfer between all struc-
tural elements and the cooling air. The cooling-air tempera-
ture is represented by one value only, which is calculated as 
the average of F2704 to F2706. The same is true for the 
hot-gas temperature, which is calculated as mean value of 
temperatures at F2735, F2376 and F2744. 

The dimensionless matrix coefficients according to 
paragraph 3.4. were determined by applying the method of 
least squares on the whole time interval from 0s to 2000s. 
The behavior of the material temperatures was then simu-
lated with these matrix elements for prescribed gas tem-
peratures. 
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Fig. 7: Comparison of reference and simulated material temperatures (HP-rotor) for acceleration and deceleration 

 
The original temperature characteristics supplied 

by the specialist department (re ference) and the results of 
the simulation with the matrix method are compared in Fig. 
7. There is a good agreement of reference and simulation in 
the whole time range. The small deviations can be ex-
plained by the simplifications made. 

 
It is important to note that the heat-conduction co-

efficient varies by approximately 30%, heat capacity by 
about 15% during this maneuver. The heat-transfer coeffi-
cients increase from idle to take-off conditions by a factor 
between four and five. Without the new approach derived in 
paragraph 3.4. it would have been necessary to identify 
several sets of matrix coefficients, each valid in a small 
time window, where ?, cp and a do not vary too much. The 
new method allows us to identify only one set of matrix 
coefficients based on the system’s behavior in the complete 
time interval [0s, 2000s]. 

 
In order to check the universal validity of the 

method, the matrix identified with the maneuver shown in 
Fig. 7 was used to simulate a test-case mission starting at 
idle followed by take-off, cru ise, flight idle, reverse thrust 
and taxi. The results generated with the matrix method are 
shown in Fig. 8. Although the matrices have been deter-
mined with a different maneuver, the results of the test-case 
mission calculated with those matrices (dotted lines in Fig. 
8) show a good agreement with the reference solution. 
Especially those mission parts, which have not been in-
cluded in the identification process (cruise and reverse) are 
close to the reference solution. This demonstrates, that the 
identified matrices are not only valid for the mission used 
during the determination of the coefficients but for nearly 
arbitrary maneuvers. 
 

4.1 Some comments on the modeling choice  
 

The model used in paragraph 4 works with one 
cooling-air temperature only, although the temperatures at 
three nodes have been provided by the specialist depart-
ment. Alternatively, it would have been possible to simulate 
contact of the structural elements with several of these 
cooling air nodes. In this case, additional matrix coeffi-
cients had to be identified. 
 

The differences between the temperatures at the 
nodes F2704, F2705 and F2706 are relatively small. If two 
or all of them were identical in the complete time envelope, 
the set of equations for determination of the matrix coeffi-
cients would no longer be linearly independent and could 
not be solved. If the temperatures are not identical but close 
to each other, the equations can be solved, but the results 
are not reliable (only the sum of the identified cooling-air 
coefficients is). To avoid these problems an average cool-
ing-air temperature has been used. The same is valid for the 
hot gas temperature. 

 
4.2 Trouble shooting 
 

If the formulae are arranged like in equation (6) all 
coefficients must have positive values. If the matrix identi-
fication method entails negative values for some coeffi-
cients, the quality of the approximation of the reference 
characteristics with the matrix coefficients should be 
checked. If it is satisfactory, there might be a situation as 
described above for the cooling air: There are several heat 
exchange partners for an element with similar temperature 
level. It is hard for the identification algorithm to identify 
the individual share of each partner, but the sum effect is 
described sufficiently. 
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Fig. 8: Comparison of reference and simulated material temperatures (HP-rotor) for the test-case mission 

 
This is why the approximation of the system’s be-

havior works. Using such a matrix to predict the thermal 
behavior for a different case may give wrong results, when 
temperature levels that have been similar for the identifica -
tion case no longer are. 

If the approximation results are not satisfactory, 
the following points can be checked: Does the model take 
all significant possibilities of heat exchange into account? Is 
the number of elements used sufficient to model the system 
behavior in the required quality? Is the set of reference data 
consistent? 

 
5. Conclusion 
 

A matrix method for simulation of material tem-
peratures for given gas-temperature characteristics for use 
in performance programs has been introduced. As a first 
step the matrix coefficients were determined from a reduced 
model that can either be derived from a previously per-
formed detailed finite-element calculation or from meas-
urements collected during engine tests. The procedure to 
identify the matrix coefficients was presented. Changes in 
heat transfer coefficients and / or materia l properties in the 
examined time envelope would normally result in changing 
matrix coefficients. It was shown, that by restructuring the 
equations a form can be found, where the matrix remains 
constant as heat-transfer coefficients and material properties 
change. 

The matrix obtained can now be used to predict the 
system’s behavior for other characteristics of gas tempera-
ture. The method was successfully applied to an HP-
compressor rotor. The results generated in this paper pro-
vide the basis for a detailed discussion of the simulation of 
thermal growth and stresses for use in performance pro-
grams given in [3]. 
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